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Abstract. A twisted generalized Weyl algebra A of degree n depends on a base algebra R, n 



commuting automorphisms ai of R, n central elements ti of R and on some additional scalar 
$H ' parameters. 

^1^' In 1101 Lemma 1] it is claimed that certain consistency conditions for Oi and ti arc sufficient 

, for the algebra to be nontrivial. However, in this paper we give an example which shows that 

' this is false. We also correct the statement by finding a new set of consistency conditions and 

prove that the old and new conditions together are necessary and sufficient for the base algebra 
R to map injectively into A. In particular they are sufficient for the algebra A to be nontrivial. 
' J ' , We speculate that these consistency relations may play a role in other areas of mathematics, 

■^1^ ' analogous to the role played by the Yang-Baxter equation in the theory of integrable systems. 

^. 
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1. Introduction 



Let R be an algebra over a commutative ring k, iji, . . . , (T„ commuting k-algebra automorphisms 
, oi R, ti, . . . ,tn elements from the center of i?, and ^ij an n x n matrix of invertible scalars from 

k. To this data one associates a twisted generalized Weyl algebra Afj,{R,a,t), an associative Z"- 
graded algebra (see Section [5] for definition). These algebras were introduced by Mazorchuk and 
Turowska [TU] and they are generalizations of the much studied generalized Weyl algebras, defined 
independently by Bavula [2], Jordan [5], and Rosenberg [T3] (there called hyperbolic rings). 

Simple weight modules over twisted generalized Weyl algebras have been studied in [TO] . [9] . [6] . 
In [TT] the authors classified bounded and unbounded ^-representations over twisted generalized 
Weyl algebras. Interesting examples of twisted generalized Weyl algebras were given in In 
[2 new examples of twisted generalized Weyl algebras were constructed from symmetric Cartan 
matrices. 

It was claimed in |101 Lemma 1] (for the case when fiij = l\/i,j) and implicitly in |11[ Eq. 
(1)] (for arbitrary fiij) that a TGWA A^{R, a, t) is a nontrivial ring if the following relations are 
satisfied: 

(1.1) t,tj = fi^jfijia~'^{tj)a]'^{t,), i ^ j. 

However in this paper we give an example fExample l2.8p of a TGWA, A = A^{R, a, t), such that 
even though the datum {R, a, t, ji) satisfies (|l.ll) . the algebra A is the trivial ring {0}. This shows 
that, in fact, (|l.ip is not sufficient for a TGWA to be a nontrivial ring. 
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Our main result in this paper is the discovery of a new consistency relation, which together 
with gives a sufficient condition for a TGWA to be a nontrivial ring. The precise statement 
is the following. 

Theorem A. Let h he a commutative unital ring, R be an associative k-algebra, n a positive 
integer, t — (ii,...,f„) he an n-tuple of regular central elements of R, a : Z" — > Autiii;(i?) a 
group homomorphism, iiij (i,j — l,...,n,i ^ j) invertible elements from k, and A^{R,a,t) 
the corresponding twisted generalized Weyl algebra, equipped with the canonical homomorphism of 
R-rings p : R ^ Af_i{R,a,t). Then the following two statements are equivalent: 

(a) p is infective, 

(b) the following two sets of relations are satisfied in R: 

(1.2) aiaj{t^tj) ^ pijPjiai{ti)(7j{tj), Wi, j = 1, . . . ,n, i ^ j, 

(1.3) tjai(Jk{tj) = cri{tj)(Jk{tj), yi,j,k^l,...,n,ij^j^kj^i. 

In particular, if (|1.2p and (|1.3p are satisfied, then Afj,{R, a,t) is nontrivial iff R is nontrivial. 
Moreover, neither of the two conditions (|1.2p and (|1.3p imply the other. 

One may note that (|1.2I) and (|1.3I) may be expressed as the following identities in the localization 
T~^R, where T is the multiplicative submonoid of R generated by all crg{ti) for all g E Z",i = 
l,...,n: 

(1.4) UjTji = 1, \/i,j = l,...,n,i^j, 

(1.5) ak{Tij)=Tij, yi,j,k^l,...,n,ij^j^k^i, 
where 

(1-D) Tjj = — — . 

Oia.j[tj) 

We note that the consistency relations (|1.2l) . (|1.3p play an analogous role for twisted general- 
ized Weyl algebras as the quantum Yang-Baxter equation plays for Zamolodchikov algebras in 
factorized S'-matrix models [SJ Section 1.1.1], and for Faddeev-Reshetikhin-Takhtajan algebras. 
Therefore we pose the following questions. 

(a) Is there a direct relation between the consistency relations (|1.2p . (|1.3p and the quantum Yang- 
Baxter equation? 

(b) Can one construct some physical model for which relations (|1.2p . (|1.3p appear as a condition 
for the model to be integrable (exactly solvable)? 

We leave these open questions to be addressed in future publications. 

The structure of the paper is as follows. We first give some constructions of twisted generalized 
Weyl algebras in full generality. After recalling the definition in Section [2l we show in Section [3] 
that the construction of a twisted generalized Weyl algebra is functorial in the initial data. In 
Sections |4] and Section [5] we study two natural operations: taking quotients and localizing. In 
Section ini we prove Theorem A. In Section [7] (Theorem I7.3f a')'). we show that consistent TGW 
algebras with all ti invertible are in fact Z"-crossed product algebras over R. Thus these TGW 
algebras may be thought of as producing solutions to equations (17. ip required for the Z"-action 
and twisted 2-cocycle map to produce nontrivial crossed product algebras. We also define a notion 
of weak consistency and prove in Theorem iy.Sf b) that there is an embedding of any regular, weakly 
consistent TGW algebra into an associated Z"-crossed product algebra. 

Acknowledgements. This work was carried out during the second author's postdoc at IME- 
USP, funded by FAPESP, processo 2008/10688-1. The first author is supported in part by the 
CNPq grant (301743/ 2007-0) and by the Fapesp grant (2005/60337-2). 

Notation and conventions. By "ring" ("algebra") we mean unital associative ring (algebra). 
All ring and algebra morphisms are required to be unital. By "ideal" we mean two-sided ideal 
unless otherwise stated. An element x of a ring R is said to be regular in R if for all nonzero y & R 
we have xy and yx ^ 0. The set of invertible elements in a ring R will be denoted by i?^. 
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Let i? be a ring. Recall that an i?-ring is a ring A together with a ring morphism R ^ A. Let 
X be a set. Let RXR be the free i?-bimodule on X. The free i?-ring Ffj(X) on X is defined as the 
tensor algebra of the free i?-bimodule on X: Fr{X) = ©„>o(i?Xi?)®«" where = i? by 

convention and the ring morphism R Fji{X) is the inclusion into the degree zero component. 

Throughout this paper we fix a commutative ring k. 

2. Definition of TGW algebras 

We recall the definition of twisted generalized Weyl algebras [lOj |9] . Here we emphasize the 
initial data more than usual, which will be useful in the next section to express the functoriality 
of the construction. 

Definition 2.1 (TGW datum). Let n a positive integer. A twisted generalized Weyl datum (over 
k of degree n) is a triple {R,a,t) where 

• i? is a unital associative k-algebra, 

• (7 is a group homomorphism cr : Z" — s> Autic(-R), g ^ ag, 

• t \s a. function t : {1, . . . , n} — s> Z{R), i M> ti. 
A morphism between TGW data over k of degree n, 

ip : (i?,cr,t) ^ {R',a',t') 

is a k-algebra morphism ip : R ^ R' such that tpai = a'^ip and ip{ti) = t[ for all i S {1, . . . ,n}. 
We let TGW„(k) denote the category whose objects are the TGW data over k of degree n and 
morphisms are as above. 

For i G {1, . . . , n} we put ai — , where {e^}"^]^ is the standard Z-basis for Z". A parameter 
matrix ( over k^ of size n) is an nxn matrix /i — {fiij)i^j without diagonal where /i^ E \/i ^ j . 
The set of all parameter matrices over k^ of size n will be denoted by PM„(k). 

Definition 2.2 (TGW construction). Let n G Z>o, {R,a,t) be an object in TGW„(k), and 
/i G PM„(k). The twisted generalized Weyl construction with parameter matrix fi associated to 
the TGW datum {R,a,t) is denoted by Cfi{R,a,t) and is defined as the free i?-ring on the set 
{xi, I i = 1, . . . , n} modulo the two-sided ideal generated by the following set of elements: 

(2.1a) Xir-ai{r)xi, yir - a^^ (r)yi, Vr G i?, i G {1, . . . , n}, 

(2.1b) yiXi-ti, Xiyi-ai{ti), Vi G {1, . . . , n}, 

(2.1c) x^yJ - ^i^JyJX^, Vi,j G {l,...,n}, i ^ j. 

The images in C^{R, a, t) of the elements x^, yi will be denoted by Xi, Yi respectively. The ring 
C^{R,(T,t) has a Z"-gradation given by requiring degAT^ — ei,degli = — ei,degr = OVr G R. Let 
Ifj,{R, cr, t) C Cp(i?, cr, t) be the sum of all graded ideals J C C^ {R, ct, t) having zero intersection with 
the degree zero component, i.e. such that C^{R,(j,t)Q r\ J — {0}. It is easy to see that I^(i?,cr, t) 
is the unique maximal graded ideal having zero intersection with the degree zero component. 

Definition 2.3 (TGW algebra). The twisted generalized Weyl algebra with parameter matrix 
fj, associated to the TGW datum {R,a,t) is denoted A^{R, cr,t) and is defined as the quotient 
^^(i?,fT,i) ■.= C^iR,a,t)/I^iR,a,t). 

Since I^{R,a,t) is graded, A^{R,cr,t) inherits a Z"-gradation from Cfj_{R,a,t). The images in 
Afj,{R,a,t) of the elements Xi^Yi will be denoted by Xi,Yi. By a monic monomial in a TGW 
construction C^{R, cr, t) (respectively TGW algebra Af_i{R, a, t)) we will mean a product of elements 
from {Xi,Yi | i = 1, . . . , n} (respectively {Xi, Yi | i = 1, . . . , n}). 

The following statements are easy to check. 

Lemma 2.4. (a) Afj,{R,a,t) (respectively C^{R^a^t)) is generated as a left and as a right R- 
module by the monic monomials in Xi,Yi {i ~ 1, . . . , n) (respectively Xi,Yi {i — 1, . . . ,n)). 

(b) The degree zero component of Afj,{R,cr,t) is equal to the image of R under the natural map 
p: R^ Af,{R,a,t). 
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(c) Any nonzero graded ideal of A^{R,a,t) has nonzero intersection with the degree zero compo- 
nent. 

Definition 2.5 (^-Consistency). Let {R,a,t) be a TGW datum over k of degree n and fi he a 
parameter matrix over of size n. We say that {R,a,t) is ^.-consistent if the canonical map 
p : R ^ A^{R, <J, t) is injective. 

Since X^{R,a,t) has zero intersection with the zero-component, {R,a,t) is /i-consistent iff the 
canonical map R — C^(-R, cr, t) is injective. Even in the cases when p is not injective, we will often 
view A^{R, cr, t) as a left _R- module and write for example rXi instead of p{r)Xi. 

Definition 2.6 (Regularity). A TGW datum {R,a,t) is called regular if ti is regular in R for all 
i. 

Lemma 2.7. If ti G R^ for all i, then the canonical projection Cfj_{R,a,t) Afj.{R,a,t) is an 
isomorphism. 

Proof. The algebra C^{R, cr, t) is a Z"-crossed product algebra over its degree zero subalgebra, since 
each homogeneous component contains an invertible element. Indeed since ti G R^ ^ each Xi is 
invertible and thus Xf^ ■ ■ ■ X^" has degree g and is invertible. Therefore any nonzero graded ideal 
in Cfj,{R, a, t) has nonzero intersection with the degree zero component, a property which holds for 
any strongly graded ring, in particular for crossed product algebras. Thus Ip(i?,cr, t) — 0, which 
proves the claim. □ 

We give an example of a TGW algebra which is the trivial ring. This shows the need for finding 
sufficient conditions on the TGW datum which will ensure the algebra is nontrivial. Finding such 
conditions is the goal of this paper. 

Example 2.8. In 11. Equation (2)] it was observed that the relation 
(2.2) a,aj{tj)XjXi = pijaj{tj)X,Xj 

is satisfied in any TGW algebra A — Afj.{R, cr, t) for every i j. There are two ways to commute a 
multiple of XkXjXi to a multiple of XiXjXk (starting by commuting XkXj or XjXi respectively), 
using relation (12. 2p . Namely, 



(2.3) Ujak{tk)(JiCfjak{tk)aiaj(tj)XkXjXi = pjkO'k{tk)f'ikO'](^k{tk)f'i]0-j{tj)XiXjXk 
and 

(2.4) aia-j(Jk{tj)aiak{tk)(^i(T.jCrk{tk)XkX.jXi ~ pijak(Jj{tj)pikak{tk)P]k(^i(^k{tk)XiXjXk. 
Combining ((2?3)) and ^(TM we get 

(2.5) {crjCrk{tk)criajak{tk)criCrj{tj)pijak(Jj{tj)p,ik(7k{tk)P'jkCri<7k{tk) 

— P'jkO'k{tk)PtkO'jO-k{tk)tl'i3'^j{t3)<^i<^3<^k{tj)o-iCrk{tk)o'iO'jO-k{tk))XiXjXk = 0. 

Assume that ti is invertible in R for every i. Thus, since ti — YiXi in A, Xi is invertible in A for 
every i. Then (|2.5|) implies that, in the algebra A, 

(2.6) aiaj{tj)akaj(tj) - aj{tj)aiajak{tj) 0. 

(Note that we cannot conclude that (|2.6p must also hold in R, unless we know that the canonical 
map p : R ^ A\s injective.) The following is an example of a TGW algebra where (|l.ip holds but 
the left hand side of (12.61) in fact is an invertible element of A, which forces A to be the trivial 
ring. Namely, let 

• n = 3, k = C, ^ij = 1 for all i ^ j; 

• R — C[af2 ,ct23, ctfi ^^t^ ^^2^ ^^f^]^ ^ Laurent polynomial algebra in 6 variables; 

• cri,cr2,cr3 e Autc(i?), given by 

ajk if fc} 7^ {1,2,3}, 
-ajk if = {1,2,3}, 



(2.7) cFi{ajk) 
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for all k e {1, 2, 3} with j < k, and 
(2.8) a^{tj) -.^ a.jtj , 

for all i, J e {1, 2, 3}, where aji := a^^^ for i < j and an :— 1 for i ~ 1,2, 3. 

Then the automorphisms (Ti,CT2,cr3 commute with each other. Indeed, it is immediate that 
ai(jj{aki) — ajai{aki) holds for all k, I € {1, 2, 3}. On the tt we have 



-ajkaiktk, if = {1,2,3}, 

oijkCiiktk, otherwise. 



Since the right hand side is symmetric in i,j it follows that ai and Uj commute on any tk- 
Relation is easily checked. However, for any k such that fc} = {1, 2, 3}, the result of 
aj^ applied to the left hand side of (|2.6I) equals 

(2.9) ai{tj)ak{tj) — ai<7k{tj)tj ~ aijakjt'^ ~ ai{akjtj)tj — 2aijakjt'^ 

which is invertible in R, hence the image is invertible in A. Thus ()2.6p implies that A is the trivial 
ring {0} despite the fact that (jl.ip holds. 

Put in different terms, the situation for the TGW datum above is that the ideal in the free 
i?-ring F — Fji(^{xi,yi \ i — l,...,n}) generated by the elements (|2.ip contains an invertible 
element of the algebra R and consequently the quotient of F by that ideal becomes trivial. 



3. FUNCTORIALITY OF THE CONSTRUCTION 

We prove in this section that the construction of twisted generalized Weyl algebras is functorial 
in the initial data in a certain sense. This will be applied in the next two sections. 

For a group G we let G-GrAlg^ denote the category of G-graded k-algebras where morphisms 
ip : A ^ B are graded k-algebra homomorphisms: (p{Ag) C Bg for all g & G. We have the forgetful 
functor T : TGW„(k) Z"-GrAlg^, defined by T{R, a,t) ^ R with trivial grading Rq = R. 

Theorem 3.1. Let n £ Z>o and fi be a parameter matrix over of size n. 

(a) The construction of a twisted generalized Weyl algebra Afj,{R, a, t) from a TGW datum (i?, a, t) 
defines a functor Af_i : TGW„(k) — )■ Z"-GrAlg|j. That is, for any morphism ip : {R,a,t) — >■ 
{R',a',t') in TGW„(k) there is a morphism A^{ip) : Af^{R,a,t) -> Af^{R' ,a' ,t') in Z"--GrAlg^ 
such that Af_i preserves compositions and identity morphisms. 

(b) The family = {p^^(B.,a.t)\ , where {R,a,t) ranges over the objects in TGW„(k), of canonical 
maps Pf_i^(R^a,t) ■ R ~^ Afi{R,a,t) defines a natural transformation from the forgetful functor 
J- to the functor A^ from part That is, given any morphism p : (R,a,t) (R',a',t') 
TGW„(k), we have the following commutative diagram in Z"-GrAlg|j..- 

(3.1) R ^i?' 



m 



A^{R,a,t) ^"^'"^ A^ {R',a',t') 

(c) For any morphism p> : (R, a, t) (R' , a' , t') in TGW„(k), the algebra Ap,{R' , a' , t') is generated 
as a left and as a right R' -module by the image of Afj,{p). 

Proof. Let p : {R,a,t) — > [R' ,a',t') be a morphism of TGW data. Pulling back the canonical 
map R' — C^{R', a' , t') through p? we get a map R C^{R' , a' , t'). The universal property of free 
i?-rings implies that this map extends uniquely to a morphism of i?-rings from the free _R-ring on 
the set {xi,yi | i = 1, . . . , n} by requiring that Xi ^ X[, yi H> F/ for all i, where X[, denote 
the generators in Cf^{R' ,a' ,t'). Since p is a. morphism of TGW data, one verifies that the ideal 
with generators (12.11) lies in the kernel, thus inducing a map p such that the following diagram 
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commutes: 



Let I = If^{R,a,t) (respectively I' — I^{R' ,a' ,t')) denote the sum of all graded ideals in 
C^{R,a,t) (respectively C^{R' , a' ,t')) having zero intersection with the degree zero component. 
We need to verify that 0(1) C I' . Let a E I. Since I is graded we can assume that a is ho- 
mogeneous. Let d G Z" be its degree. To prove that (p{a) € X' we show that the two-sided 
ideal generated by (p{a) has zero intersection with the zero component. Then, since I' is the 
sum of all such ideals, it must contain (p(a). Let m > and &j,Cj- (j — l,...,m) be nonzero 
homogeneous elements of Cfj,{R' ,a' ,t') such that d + degb'j + degc'j — for all j. We must show 
that '}2,j^'jf{^)c'j = 0. Without loss of generality, the elements hj and Cj are monomials. Since 
(p{Xi) = X- and i^(li) = it follows that we have b'j — r'^'0{bj), c'j — s'j(p[cj) where r'^^s'^ e R' 
and bj, Cj G Cfi{R, cr, t). Thus 

J2b'j0ia)cj = ^r^^(5j)^(a)4^(cj) =^rjTj{sj)ipibjaCj) 

3 j 

where Tj = Ud+dcgbj- But a G I so bjacj G T and hence, since deg{bjacj) — 0, it follows that 
bjacj — for each j . This proves that <^(a) generates a two-sided ideal having zero intersection 
with the degree zero component, and thus <^(a) G I'. Hence 'f{X) C X' and therefore If induces a 
k-algebra morphism A^j,{ip) : Af_i{R,(J,t) — > A^{R' ,t') such that the diagram (13. ip commutes. 
That defines a functor is easy to check. This proves part (a). Claim (b) follows from the 
construction of AfJ^{^p). 

(c) By construction, the image of A^{(p) contains all the elements X^,Yl {i — 1, . . . , n), hence 
all monic monomials, which generate Af^^R' ,a' ,t') as a left and as a right i?'-module, by Lemma 

mm- 

□ 



Corollary 3.2. If ip : {R,a,t) [R' ,a\t') is a surjective morphism in TGW„(Ik), then A^{if) : 
Ap,{R, cr, t) — > Af_i{R' , cr', t') is surjective for any ^ G PM„(k). 

Proof. Follows from Theorem 13. If b) and (c). □ 

Lemma 3.3. Let Lp : {R,a,t) {R',a',t') be a surjective morphism in TGW„(k). For ^ G 
PM„(k) put A = A^{R,a,t) and let K C Aq be the kernel of the restriction of A^{ip) to Aq. Then 
ker (^Ap,{(p)) equals the sum of all graded ideals J in A such that J D Aq ^ K . 

Proof. Put A ~ Af_i{R' , cr', t'). Let I{K) denote the sum of all graded ideals in A whose intersection 
with Aq is contained in K. For brevity we put $ ~ Ap,{ip). Since $ is surjective by Corollav 13.21 
the image ^(^I{K)) is a graded ideal of A whose intersection with Aq is zero. Lemma [2l4t[ c1) applied 
to A gives $(/(_ftr)) ~ {0}. Thus I{K) C ker$. Conversely, suppose a G ker($). We can assume a 
is homogeneous. Clearly {AaA)r]AQ C K which means that AaA C I{K). So ker($) C I{K). □ 

Corollary 3.4. Let /i G PM„(k). If ip : {R,a-,t) {R',a',t') is a morphism in TGW„(k) which 
is injective as a k-algebra morphism, and if {R' ,a' ,t') is ^-consistent, then {R,cr,t) is ^-consistent 
and A^{lp) is injective. 

Proof. That (i?, cr, t) is /i-consistent is immediate by the commutativity of the diagram p.ip . Put 
A — Afj,{R,a,t) and K = ker (^Afj,{(p)\Ao) ■ Then by Lemma [^m| b| and commutativity of p.ip . 
K = {0}. Thus by Lemma 1531 Ai^{(f) is injective. □ 
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4. Quotients of TGW algebras 

The following result generalizes [31 Proposition 2.12] from generalized Weyl algebras to TGW 
algebras. If {R,a,t) 6 TGW„(k), the group Z" acts on R via a. An ideal J in i? is called 
Z,"' -invariant if (Jg{r) S JVr € J,g € Z". 

Theorem 4.1. Let A = Afj,{R,a,t) be a twisted generalized Weyl algebra over k of degree n, 
and J a 17^ -invariant ideal of R. Let A = Ap,{R/ J,<7^t), where &g{r -\- J) — (Tg{r) + J for all 
g (Iz Ij"' , r G R and ii — ti J for all i. Let p : R ^ A and p : R/ J A be the natural maps. Put 
K = p(ker(po ttj)), where ttj : i? — > R/ J is the canonical projection. Suppose that 

(i) Vg G Z" there exists a monic monomial Ug G Ag such that Ag = AgUg, 

(ii) p{ag{ti)) + K is a regular element in Aq/K for all i G {1, . . . g G Z". 

Let {K) — AKA be the ideal in A^{R,ff,t) generated by K. Then AK = {K) = KA, and there is 
a graded isomorphism 

(4.1) A^{R,a,t)/{K) ^A^iR/J,a,r). 

Proof. The map ttj intertwines the Z"-actions and maps ti to U, hence it is a morphism ttj : 
{R,<j,t) —i' {R/J,a,t) in TGW„(k). Applying the functor A^ from Theorem 13.11 we get a k- 
algebra morphism A^{nj) : Afj,{R,a,t) ^^(i?/ J, ct, f) which is surjective by Corollary 13.21 
Thus it remains to prove that the kernel of Afj,{nj) equals (A'). 

Let r G ker(p o ttj). We claim that p{ag{r)) G K for all 5 G Z. Let G A be any monic 
monomial of degree g and u_g G A a monic monomial of degree ~g. Then UgU^g can be written 
as p{a + J), where a is a product of elements of the form crfi{ti) (h G Z", i — 1,. . . possibly 
multiplied by an element of k^. By assumption (ii), p{a) + J-i is regular in Aq/K. In A, we have 
= Ugp{r + J)u-g = p{ag{r) + J)p{a -\- J) — p{ag{r)a + J). So p{(Tg{r))p{a) G K. Since p{a) + K 
is regular in Aq/K by assumption (ii), we get p{ag{r)) G K. 

Using this fact and Lemma [2l4[jal) . we get AK = {K) = KA. Since {K) n Aq = AK n 
Aq = {Y^gez" "^9^) l~l ^0 = AqK = K, Lemma [Q implies that (K) C kcr (^^(vrj)) . For the 
converse, let g G Z" and let a E Ag Ci ker (^^(ttj)). By assumption (i), a — rZi^ ■ ■ ■ Zi^ for some 
Zi, e {X,.,Y,J and some r e Aq. Put X* = Y,, Y* = X,. Then b aZ*^^ • • • Z * has degree 
zero, hence b G ker (^^(7rj)|^(,), which by Lemma r2.4t|b)) and naturality (|3.ip equals K. On the 
other hand, using relations (12. ip we get b = r ■ ^u, where ^ G k^ and u is a product of elements of 
the form p{(Jh{ti)) {h G Z", i — 1, . . . ,n). Since by assumption (ii) all p{ah{ti)) + K are regular 
in Aq/K, we get r G K and thus a G KA. □ 

Remark 4.2. If {R,a,t) and {R/J,(j,t) are /^-consistent, we can identify R and i?/J with their 
images in the corresponding TGW algebras. Under such identifications, the ideal K in Theorem 
14.11 is just equal to J. This follows from the commutativity of p.l|) . 

5. Localizations of TGW algebras 

The following trick was first observed in j9] in the case of R being a commutative domain. 

Lemma 5.1. Let A = Afj,{R, a, t) be a twisted generalized Weyl algebra and p : R ^ A the natural 
map. Suppose all p{ti) are regular in Aq. Let g G Z". Then 

(5.1) ab = <Jg{ba) 

for any monic monomial a G Ag and any b G A^g. 

Proof. Observe that if YiC G Aq then YicYiXi = cr^^ {cYi)YiXi, so since YiXi — p{ti) is regular in 
Aq we get YiC = a~^{cYi). Similarly XiC = ai{cXi) if XiC G Aq. Applying this for each of the 
factors in a the claim follows. □ 

Theorem 5.2. Let A ~ Afj,{R, cr, t) be a twisted generalized Weyl algebra over k of degree n such 
that ti, . . . ,tn are regular in R. Suppose S C Z{R) is a subset such that 

(i) S is multiplicative: ^ S*, 1 G 5* and r, s G 5 => rs G S*, 

(ii) all elements of S are regular in R, 
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(iii) ag{S) 'Z SJor all g e Z'\ 

(iv) {S~^R,a,t) is ^-consistent, 

where Ug G Autij;(S'~^i?) is the unique extension of Og for all g G Z", and ti = ti/1 for all 
i = 1, . . . , n. By Corollay \3.4[ {R, cr, t) is also ^-consistent and we can identify R with its image, 
Aq, under the natural map p : R ^ Ai_i,{R,CF,t). Then the following statements hold. 

(a) The elements of S are regular in A^{R,a,t), 

(b) S is a left and right Ore set in Ai^i,{R,a,t), 

(c) we have an isomorphism 

(5.2) S-^A^,{R,a,t)~A^,{S-^R,a,t). 

Proof, (a) Put A = A^{R, a,t). Suppose sa = for some s E S, a <E A\{0}. Without foss of 
generality we can assume a is homogeneous, say dega — g € Z". By Lemma 12 .4( ^1) and Lemma 
12 .4^ ]) there exist monic monimials b,c G A such that bac G Ao\ {0} — R \ {0}. By Lemma [5.11 
bac = crh{acb) where h = deg(6). Thus acb G i?\{0} also. But we have sacb — 0, which contradicts 
that s is regular in R. 

(b) Easy to check using relations ()2.ip . 

(c) The canonical map ip : R ^ S^^R intertwines the Z"-actions and maps ti to ti/1, hence it 
is a morphism, ip : {R,a,t) — i> {S~^R,a,t), in the category TGW„(k). Applying the functor Af_t 
from Theorem 13.11 gives a morphism of graded k-algebras 

(5.3) Af^iv) : A^{R, a, t) A^iS'^R, a, t). 

Since ip is injective, A^{ip) is injective by CoroUarv 13.41 Since we identify R and S^^R with their 
images in the respective TGW algebras, commutativity of (|3.ip just says that the restriction of 
Afj,{ip) to R coincides with ip. In particular Ap,{ip) maps each element of S to an invertible element. 
Hence, by the universal property of localization, there is an induced map 

(5.4) iP : S-^A^iR, cr, t) A^{S-^R, a, t). 

Since the image of contains S^^R as well as all the generators Xi, Yi, ip is surjective. Suppose 
a G S~^Afj,{R,a,t), V'(a) = 0. By part (a), 5* consists of regular elements in A^{R,a,t) and thus 
the canonical map A^{R,a,t) — >■ S~^A^{R,a,t) is injective and can be regarded as an inclusion. 
Then sa G A^{R,a,t) for some s G S. The restriction of -0 to A^{R,(T,t) coincides with A^{ip). 
So Afj,{(p){sa) = ip{sa) = V'(s)V'(a) = 0. Since Ai_i,{'p) is injective we get sa = 0, hence a = 0. This 
proves that V' is injective, hence an isomorphism. □ 

6. /^-Consistency 

For any D — (R,a,t) G TGW„(k) and any parameter matrix fi over of size n, we let L^^jj 
denote the intersection of all Z"-invariant ideals in R containing the set 

Ni_,,D -.^{a-iajititj) ~ Hi.j^ijiai{ti)a.j{tj) \ i, j = 1, . . . ,n,i ^ j} 

(6-1) 

Ll{tjaiak{tj) ~ cri{tj)ak{tj) \ i,j, k ^ I, . . . ,n,i ^ j ^ k ^ i) . 

Let T be the intersection of all Z"-invariant multiplicative subsets of R containing {ti, . . . , t„}. 
Concretely, T is the set of all products of elements from the set {c^giti) \ g G Z", i G {1, . . . , n}}. 
For an ideal / of i? we let P be the extension of / in T~^R, that is, the ideal in T~^R generated 
by /. For an ideal J of T"^R we let J'^ — J D R, called the contraction of J. The extension and 
contraction operations are order-preserving and we have J'^'' = J for any ideal J C T^^R (see for 
example fP). 

Theorem 6.1. Let ^ G PM„(k) and let D = {R,a,t) G TGW„(k) be a regular TGW datum. Put 
R = R/{{L^,dT')- Then 

(a) {L^,Dr = {kcvp^,Dr, 

(b) {R,a,t) is p,- consistent, 

(c) Af,{R,a,t)/J^,^D^A^,{R,a,t), 

where J^^d is the sum of all graded ideals J in A — A^{R, a, t) such that JHAq C p( ker(p^_D)'"^) . 
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Proof. We proceed in steps. 

(1) (kerp^ is a Z"-invariant ideal of R. Indeed, suppose r € ker(p^ ^1)°'^. Then sr £ kerp^^ 
for some s £ T. Let i G Then, in A^{R,a,t), we have = Xip{sr)Yi — 
p{ai{sr))XiYi — p{<Ji{r)ai{s)ai{ti)) since s belongs to the center of R, which means that 
o'i{r)ai{sti) e kerp^^D. Hence, since ai{sti) G T, we have cri(r) e (kerp^^i))"'^. Similarly 
ar\r) G (kerp^,z5)-'. 

(2) [L^^Dy^ ^ (kerpp^i))'^'^. By the properties of extension and contraction of ideals, the claim is 
equivalent to showing L^^n C (ker p^.^f)'''^- By step (1), (ker p^^^)'''^ is Z"-invariant. Thus it 
is enough to show that N^^d C (ker p^.^f)'"^- For any i ^ j we have in ^p(i?,CT, i) 

(6.2) ai<7j{tj)XjXi = XjXitj = XjXiYjXj = fiijXjYjXiXj = iiij(Tj{tj)XiXj 
so that 

(6.3) aiaj{tj)aiaj{ti)XjXi = p,ijfiji<7j{tj)ai{ti)XjXi. 

Multiplying (|6.3p from the right by YiYj and using that XjXiYiYj — (jjai{ti)aj{tj) G T we 
conclude that 

(6.4) aiajiUtj) - PijHji(Jj(tj)ai(ti) G (kerp^^c)'"'- 

Let fc G {!,..., n} be three different indices. Using that, as before, r G R,rXiXjXk = 
^ r G (kcr pp./))'"^, relation (|2.5I) implies 

(6.5) (T jOk{tk)oia jak(tk)<Ti(T j{tj)pijak<T j{tj)pikCrk{tk)l^jk(^iC'k{ik) 

~ fJ-]k<yk{tk)tJ'ikCrj<7k{tk)pij(7j{tj)<7iajak{t-j)criak{tk)ataj(7k{tk) G (kerp^^u)"'^. 
Dividing by fJ-ijiijktJ-ik and factorizing we get 

(6.6) {a^aj{tj)ak(Tj{tj) - aj{t.j)a^ajak{tj)) ■ cFk[tk)<yi<7k{tk)(Jj<7k{tk)(Ji(J]CFk{tk) G (ker p^^ij)''''. 
Since ak{tk)<Jiakitk)ajak{tk)criaj<7k{tk) G T this implies that 

(6.7) a,aj{tj)ak(Tj{tj) - aj{tj)a,(Tjak{tj) G (kerp^, £,)'='='='= = (kerp^,_D)°^ 

Applying crj^ to (j6.7p . using that (ker p^^oy^ is Z"-invariant by step (1), we get together with 
dO]) that iV^,i3 C (kerp^^ij)"". 
We will now show that we have the following commutative cube: 




Af,{R,<7,t) ^ ^^(r-ii?,5,i) 



Here D = {T~^R,a,t), Ug G Autk(T"^i?) is the unique extension of dg, ti = G T^^i?, T is 
the image in R of T, and tJg is the extension of ag from R to T~^R, ti = G T~^R, and t^ 
is the image of in R. Note that localizing at T in T~^R has no effect, thus (i^ jj)^'^ = g. 
The vertical arrows are all instances of the natural transformation p^. The maps in the bottom 
square are the result of applying the functor to the respective maps above. The top square is 
commutative by the exactness of the localization functor. Thus the bottom square is commutative 
by functoriality of Each vertical square is commutative due to the naturality p.ip . Surjectivity 
of A^{-K(L^^ q)oc) and Afi{nL ~) follows by Corollarv l3.2l The localization map At (Ay) is injective 
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since elements of T (T) are regular in R [R). It remains to prove injectivity of p, p, Ap,{Xf) and 



^l.n ) ' 

(3) p is injective, i.e. {T~^R, a, t) is /^-consistent, To prove this we will use the diamond lemma in 
the form of Theorem 6.1] and will freely use terminology from that paper. Put k = T~^R. 
Let X — {X^^ ^. . . ,X^^}. Let M^±i be the /c-bimodules which are free of rank 1 as left 
/c-modules: M^±i — kX^^ and with right /c- module structure given by Xf^r — af^{r)Xf^. 
Let k{X) be the tensor ring on the fc-bimodulc M = ©^.^x Mx- Let Ii be the twosidcd ideal 
in k{X) generated by the set 

(6.9) {xf'X^'^l\^^l,...,n} 

U {X^:X^^-dl^^-'^/'d';:^-'^/'(r,,.,r^^X^^X^^,\ s,,e2 G {1,-1}, 1 < *i < ^2 < n}, 
where 

(6.10) r,, = e f-^R. 

(Tiaj{t.j) 

One verifies that there are well-defined homomorphisms of Z"-graded algebras 

C^iT-^R,d,t) ^ k{X)/h k{X)/h ^ C^(f-ii?,a,t) 
Xi I— > Xi Xi ^ Xi 



(6.11) 



Y,^tX-^ X7^ ^t-^Y, 



r 1-^ r 



which obviously are inverse to each other. Moreover they are also morphisms of fc-bimodules. 
So, by Lemma [2Jl A^{T~^R,d,t) ~ k{X) / Ii as Z"-graded k-algebras and as /c-bimodules. 
Consider the following reduction system 

Xt^Xtl cj't;''^'^a'f^-'^"{T^r)XtlXt^, £i,£2 e {1, -1}, l<^l<^2<n, 
XfXr^-^l^ ee{l,-l}, zG{l,...,n}. 

These reductions extend uniquely to fc-bimodule homomorphisms from the appropriate sub- 
modules of k{X). Clearly {X)i„ = {Xf^ ■ ■ ■ X^" \ g G Z"}. There are no inclusion ambiguities, 
but four types of overlap ambiguities: 

v£2 vs-i v^2 v^i v^^i v^i v—£2 vSi ye v — e 
yv^ vV^- , yV: yV: , yv^ y\: yv^ , yv^ yv^ yv^ 

the last of which is trivially resolvable. The two middle ones are easily checked to be resolvable, 
while the first one is resolvable due to the identity (Tfc(Ty) — Tij if i,j,k G {l,...,n} are 
different, which hold in T^^R since tjai(Tk{tj) — (Ti{tj)ak{tj) G [L^^ny^. Thus, by [4, Theorem 
6.1], the natural map 

kxl^---xt^k{x)ih 

is an isomorphism of fc-bimodules, in fact of Z"-graded fc-bimodules, since the reductions 
are homogeneous. Since ^^(f^-^i?,?,?) is isomorphic to k{X) / Ii as graded algebras and as 
fc-bimodules, we in particular have for the degree zero component that the fc-bimodule map 
fc — )■ k{X)/Ii — )■ Afj,{T~^ R,a,t)o sending 1 to 1 is an isomorphism, which is what we wanted 
to prove. 

(4) j5 and ^^(Aj.) are injective. Follows from injectivity of p and A^* and Corollarv 13.41 This 
proves statement (b). 

(5) Af_i{TTL g) : Afj,{T^^ R, a,t) -> Afj,{T^^R,a,t) is an isomorphism. Observe that for D the 
contraction and extension are identity operations, since the ti are already invertible. Consider 
ttl^ -g '■ {T~^R, cr, t) {T^^R, cr, t). As already noted, Corollav l3 . 2 1 implies that A^{-kl^ g ) is 
surjective. The kernel of A^_l{ttl^ ~)opis by the commutativity of (|6.8p equal to ker(po7rL^ g) — 

^ since {T~^R, a,t) is /z-consistent by step (4). But by step (2), ^ is contained in ker(p). 
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Thus the restriction of Af^iiTL ~) to p(T ^R) is injective, hence A^{TrL ~) is injective by 
Lemma 13.31 

(6) ker(p^^£,)'='= C By (g^ and injectivity of p we have ker(p^^£,) C ker (^^(TTji^^jcc) o 
Pfj.,D) — ker(po TT(^i^^ ^)oc) = {Li^^dY'^. This proves statement (a). 

(7) ker (^A^{n(^i^^ d)"")) — ■^i-l.d- Follows from Lemma [531 and that the kernel of A^{tt(^i^^ ^)cc) o 
P/j,,D is equal to the kernel of 7r(i^ ^)ec which is {L^^dT'^ ~ (kerp^^u)"'^, by step (2) and step 
(6). This proves statement (c). 

□ 

We can now deduce the main result of the paper. 

Proof of Theorem A. Let D be the TGW datum {R,a,t) and p^^n '■ R ^ Af_i{R,(T,t) be the 
canonical map of i?-rings. By Theorem |6JJjaj) , p^.o is injective if and only if £;^,_d — {0}, which 
by definition of £;^,_d is equivalent to that the set N^^d, defined in ()6.ip . is equal to {0}. But 
-/V^,_D — {0} just means that relations ()1.2p and p.3p hold. This proves the required equivalence. 

It only remains to prove the independence of the two conditions (jl.2p and (|1.3I) . It is clear 
that (jl.2l) docs not follow from (jl.3p because the latter does not depend on /i^ . In Example 12. 8[ 
condition (jl.2p is satisfied but p^^o ■ R — > Afj.{R, cr, t) is the zero map, and hence the TGW datum 
(i?, (T, t) is not /i-consistent. Thus, by Theorem A, condition (jl.3p cannot hold (this can also be 
verified directly; relation ()2.9p shows that A'^i.d contains a nonzero, even invertible, element). This 
proves that condition (|1.3p does not follow from (|1.2I) either. □ 

We also obtain the following corollaries. 

Corollary 6.2. Assume ip : {R,a,t) {R',a',t') is a morphism between regular TGW data. Let 
p G PM„(k) and suppose {R,a,t) is p-consistent. Then {R',a',t') is also p-consistent. 

Proof Follows from that ^(7V^^(fl^<^^t)) = A^^^(;^,^<^,^t,). □ 

Corollary 6.3. Let p G PM„(Ik). // {R,a-,t) e TGW„(k) is regular and p-consistent, then 
Afj,{Xs) '■ Afj,{R,a,t) Afj,{S^^ R,a,t) is injective for any regular "Z" -invariant multiplicative set 
SCR. 

Proof. Use CoroUarv 16.21 and Corollarv l3.4l □ 

7. Weak ^-consistency and crossed product algebra embeddings 

In this section we show that sometimes a TGW datum {R, a, t) which is not /i-consistent may 
nevertheless be replaced by another TGW datum {R', cr', t') which is /i-consistent and such that the 
corresponding TGW algebras are isomorphic. Such TGW data will be called weakly /x-consistent 
(see definition below). 

Theorem 7.1. Let p e PM„(lk) and let D — {R,a,t) G TGW„(k) be regular. Then the following 
statements are equivalent. 

(i) Pfi,Diti) is regular in p^^D{Li) for all i, 

(ii) (kerp^,^£))'"' = kerp^,^£), 

(iii) A^Ittl"^^) ■ Afj.{R,a,t) Afj,{R,d-,t) is an isomorphism, 

(iv) ^p(At) : Afj,{R,a;t) Afj,{T~^R,a,t) is injective, 

(v) there exists a morphism ijj : {R,a,t) — > {R',a',t') from {R,a,t) to a p-consistent regular 
TGW datum {R',a',t') e TGW„(k) such that Af,{ip) : A^,{R,a,t) Af,{R' ,a' ,t') is an 
isomorphism. 

Proof. That ([!]) <^ ([n]) is immediate by definition. The equivalence ^ 4^ (pli| follows from Theorem 
l6.H |c|. The equivalence dm]) ^ (jlv]) follows from the cube (16. 8p . Trivially implies (|vj) because 
{R,a,t) is /i-consistent by Theorem I6.1l| b)). We prove (ivj)=>(|Il. Let r G R, i £ and 
assume that p^^oirti) = 0. Thus A^{tp){pf^^D{rti)) = 0. By naturality p.ip we get Pfj.,D'{i^{rti)) — 
0, where D' = {R',a',t'). But tp{ti) = <■ and /?^,_d' is injective so we get i^{r)t'j_ — 0. Since D' 
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is regular we have tp{r) = 0. Hence, by naturality, -4^('0)(p^,z)(7')) = 0, thus p^^oif) — since 
A^i^jj) is bijective. This proves that p^.oiti) is regular in p^^£)(i?). □ 

Theorem [TJJjvj) motivates the following definition. 

Definition 7.2. A regular TGW datum satisfying the equivalent conditions in Theorem 17.11 is 
called weakly fi- consistent. 

As an application, we prove that (weakly) /i-consistent TGW algebras can be embedded into 
crossed product algebras. 

Recall that a group graded algebra S = ^g^Q Sg such that each Sg [g G G) contains an 
invertible element is called a G-crossed product over S^- One can show (see for example [12) ) that 
any G-crossed product S is isomorphic as a left S'g-module to the group algebra Se[G] = 0g£(3 S^Ug 
with product given by 

siUgS2Uh = siCgis2)a{g,h)ugh 
for some unique maps : G Aut(S') and a : G x G — >■ (Se)^ satisfying 

(7.1a) CgiChia)) = a{g,h)Cgh{a)a(g,hy^ 

(7.1b) a{g, h)a{gh, k) — Q{a{h, k))a{g, hk) 

(7.1c) a{g,e) = a{e,g) = 1 

for all g,h,k € G, a € Se, where e G G is the identity element. Then S is denoted Se xi£ G. 

Theorem 7.3. (a) Let p, G PM„(k) and D = {R,(T,t) G TGW„(k). Assume ti,...,i„ G R"^ . 
Then, if D is p- consistent (equivalently, if (jl.2p and (jl.3p hold), there is a unique a-twisted 
2-cocycle a : x ^ for which there exists a graded k-algebra isomorphism 

i^^D-RK^" ^Af,{R,a,t) 

satisfying 

i{rUg)^rXl- ---Xt. 

(b) If p £ PM„(k) and {R,a,t) G TGW„(k) is regular and weakly p- consistent, then A^{R,a,t) 
can he embedded into a 77^ -crossed product algebra: 

A,{R,a,t)^-^^-^ A,{R,-a,t)^-^ A,{T-^R,d,t)^ 

where R = R/^L^^Df, ^g{r + {L^j^^dY") = ag{r) + {L^^dT"" , U = + (L^,_d)°'', T is the image 
ofT in R, Xf : R ^ T^^R is the localization map, D = {T~^R,a,t), ag{s~^r) — ag{s)'^^ag{r) 
for s E T , r E R. ti —ti/\ and the ideal (i^^c)'^'^ o,nd the set T were defined in the beginning 
of Section 

Proof, (a) Follows by Lemma [^771 and the above comments on crossed products. 

(b) By definition of weakly /^-consistency, Af_i{TTL^ o) is an isomorphism. By Theorem 16.1 l|b)) . 
Af_i{R, (J,t) is /i-consistent. CoroUarv 16.31 implies that A^{Xrp) is injective. By Corollarv l6.2[ D is 
/i-consistent so the last isomorphism follows from part (a). □ 
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